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_h \ Abstract. Let E and E' be elliptic curves over C, with Tate 

parametrizations p : C* -^ E, p' : C* — » £". We have the map 
p * p' : C* ® C* -> i^ 2 CH 2 (ExE') sending «®nto the class of the 

\Q ' zero cycle (a;, y) — (x, 0) — (0, y) + (0, 0), where x = p(u), y = p'(v). 

We show that, for general u G C*, p *p'(u (g) (1 — u)) is not zero 
in CH 2 . We also show that the cycle p * p'(u ® (1 — u)) is not 
detectable by a certain class of cohomology theories, including the 
cohomology of the analytic motivic complex involving the diloga- 
rithm function defined by S. Bloch in Q. This is in contrast to 
f"| ■ its ctale version defined by S. Lichtenbaum ||, which contains the 

Chow group. 



< 



> 

q^ ; 1. Tate curves and line bundles 



O 



For a scheme X over C, we let X an denote the set of C-points with 



^ . the classical topology. We let Ox an denote the sheaf of holomorphic 

q^ \ functions on X an . 

OS • We begin by describing a construction of the universal analytic Tate 

^ ■ curve over C. We first form the analytic manifold C* as the quotient 

of the disjoint union W£L_ 0C U i , with each Ui = C 2 , by the equivalence 

relation 

.£ ; (x,y) 6t/A{^ = 0}~ (~,xy 2 ) e Ui+i \ {X = 0}. 

X 

The function ir(x, y) = xy on C* is globally defined. Letting DcCbe 
the disk {\z\ < 1}, we define C* = 7f -1 (.D), so tx restricts to the analytic 
map 7r : C* — > D. We let : L> ^ C* be the section z i-> (z, 1) G U . 

Let D* C D be the punctured disk z^0. Since the map (x, y) h+ 
(-,x^/ 2 ) is an automorphism of (C*) 2 , the open submanifold 7r -1 (.D*) 
of C* is isomorphic to (C*) 2 , and the restriction of the map it is just 
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the map (x,y) *— > xy. Thus, the projection p 2 : (C*) 2 — > C* gives an 
isomorphism of the fiber Q" := vr _1 (t) with C*, for t G D*. 

The fiber 7r _1 (0), on the other hand, is an infinite union of projective 
lines. Indeed, define the map /, : CP 1 — > Cq by sending (a : 1) G 
CP 1 \oo to (0,a) G Ui, and oo = (1 : 0) to (0,0) G U i+1 , and let 
C { = MCF 1 ). Then 7T _1 (0) = UgL^Ci, with oo G C7; joined with 
G Cj + i. Note in particular that the value 0(0) of the zero section 
avoids the singularities of 7r -1 (0). 

Define the automorphism <fi of C* over D by sending (x, y) G £/, to 
(x, y) G f/j_i. This gives the action of Z on C*, with n acting by <fi n . It 
is easy to see that this action is free and proper, so the quotient space 
£ := C*/Z exists as a bundle it : £ — > D. The section : D — > C* 
induces the section : D — > £. 

Take t G D* . Identifying C* with C* as above, we see that <fi restricts 
to the automorphism z i— > tz. Thus, the fiber £ t := 7r _1 (£) for t G D* 
is the Tate elliptic curve C*/t z , with identity 0(t). On Cq, however, <ft 
is the union of the "identity" isomorphisms Cj — > Cj_i. Thus <f)(oo G 
Ci) = G Ci, so the restriction of Cq — > £o to C identifies £ with 
the nodal curve CP 1 /0 ~ oo. We let * g £q denote the singular point. 
Then 0(0) G £ \ *. 

The map (£, w) G D x C* i— >• ( — ,w) G C/o gives an isomorphism 
ip : D x C* ^ Uq\ {Y = 0} over D. The composition 

DxC^[/ \{y = 0}cC*^ 

defines the map p : D x C* — » £ over .D, with image £ \ {*}. 
Take w G C*. We have the local system on £ 



C u := C* x C/{z, A) ~ (0(2), uA) -> £ 



and the associated holomorphic line bundle £^ n on £. 

Let E^ be the algebraic elliptic curve associated to the analytic va- 
riety £ t , let L u (t) and L^(t) denote the restriction of C u and £^ n to 
£ t , and let L^ g (t) be the algebraic line bundle on E t corresponding 
to L^(t) via ||13| . The restriction of p to t x C* defines the map 
Pi : C* — > E tim . For t ^ 0, p t is a covering space of -Etan- The map 
Po : C* — > -Eoan is the analytic map associated to the algebraic open 
immersion 

P 1 \ {0, oo} ^UP 1 -> P 1 / ~ °° = ^o- 

If E be an elliptic curve over C, then E an = C/A, where A C C is 
a lattice spanned by 1 and some r in the upper half plane. Taking 
t = e 2nlT gives the isomorphism E an = £ t , so each elliptic curve over C 
occurs as an E t for some (in fact for infinitely many) t G D* . 
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Sending u G C* to the isomorphism class of L^ s (t) defines a homo- 
morphism p t : C* — »■ Pic(E t ). We denote the identity 0(t) G 22 t simply 
by if t is given. 

Lemma 1.1. For allt G D, a(L$*(t)) = (p t (u)) - (0). 

Proof. We first handle the case t ^ 0. Let q : C ^ E := E t be the 
map q(z) = Pt{e 2mz ), let r G C be an element with e 2nlT = t, and let 
A C C be the lattice generated by 1 and r. The map q identifies E with 
C/A, and L u (t) with the local system defined by the homomorphism 
p: A^C*, p(a + 6r) =u{b). 

There is a unique cocycle 9 in Z^A, 22"°(C, C?£ )) with 9(1) = 1, 
0(t) = e~ 27 ™ 2 ; let L be the corresponding holomorphic line bundle on 
E. Computing c° p (L) G H 2 (E,Z) by using the exponential sequence, 
we find that deg(L) = 1. By Riemann-Roch, we have H°(E,L) = C; 
let Q(z) be the corresponding global holomorphic function on C, i.e., 

Q(z + 1) = Q{z), Q{z + r) = e^ iz Q{z), 

and the divisor of on E is (x), with L = Oe{x). 

Take v,w G C with w = e 27ra) and g(u>) = x. Let f(z) = ~q? z +~\ ■ 
Then 

f(z + l) = f(z), f(z + r)=uf(z), 

and Div(/) = (p{u)) — (0). Thus, multiplication by / defines an iso- 
morphism 

x/:0^((p(«))-(O))->L« 

The proof for i? = P 1 /0 ~ oo is essentially the same, where we 
replace ",v w ~^ with the rational function 4^. D 

1 Ky(z+w) X — l 

Thus, the image of p t in Pic(E t ) is Pic°(E). After identifying the 
smooth locus of E® of E t with Pic°(£'t) by sending x G -E t ° to the class 
of the invertible sheaf OE t ((x) — (0)), we have p t — p t . 

2. The Albanese kernel and the Steinberg relation 

Let X be a smooth projective variety. We let CHo(X) denote the 
group of zero cycles on X, modulo rational equivalence, F 1 CH (A A ) 
the subgroup of cycles of degree zero, and F 2 CH (X) the kernel of the 
Albanese map ax '■ -^ 1 CH (X) — ► Alb(X). The choice of a point G X 
gives a splitting to the inclusion F 1 CH (X) — *■ CH (A A ). 

Let E, E' be smooth elliptic curves. As Alb (22 x E') — E x E', 
the inclusion F 2 CH (£ x E') -»• F 1 CB. (E x E') is split by sending 
(x, y) - (0, 0) to (x, y) - (x, 0) - (0, y) + (0, 0). Thus F 2 CB. (E x E') 
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is generated by zero-cycles of the form (x, y) — (x, 0) — (0, y) + (0, 0). 
Choosing an isomorphism E = E t , E' = E t >, we have the covering 
spaces p : C* — > -E an , p' : C* — > E' an , and the map 

(2.1) p*p':C*®C* ->F 2 CR (ExE') 

U(8lt)H p(u) * p'(v) : = 
(p(u),j/(v)) - (p(«),0) - (0,p») + (0,0). 



By the theorem of the cube |H| , the map p * p is a group homomor- 
phism, and thus is surjective. 

In case one or both of E, E' is the singular curve Eq, we will need to 
use the the theory of zero-cycles mod rational equivalence defined in 0. 
If X is a reduced, quasi-projective variety over a field k with singular 
locus X sing , the group CH (X) (denoted CH (X, X sing ) in ||) is defined 
as the quotient of the free abelian group on the regular closed points 
of X, modulo the subgroup generated by zero-cycles of the form Div/, 
where / is a rational function on a dimension one closed subscheme D 
of X such that 

1. No irreducible component of D is contained in X S i ng . 

2. In a neighborhood of each point of D fl X S i ng , the subscheme D is 
a complete intersection. 

3. / is in the subgroup 0* DDnXsing of k(D)*. 

It follows in particular from these conditions that Div/ is a sum of 
regular points of X. 

For X a reduced curve, sending a regular closed point x G X to 
the invertible sheaf Ox{x) extends to give an isomorphism CH (X) = 
Pic(X). 

We extend the definition of F J CH to E x E' with either E = E or 
E' = E otE = E' = E , by defining F 1 CH ( J E x E') as the subgroup of 
CH (-E' x E') generated by the differences [x] — [y], and F 2 CB. (E x E') 
the subgroup generated by expressions [(x, y)] — [(x, 0)] — [(0, y)] + [(0, 0)], 
where x is a smooth point of E and y a smooth point of E' . The 
surjection p * p' : C* ® C* — > F 2 CB. (E x £') is then defined by the 
same formula as (12. II). 



Proposition 2.1 (The Steinberg relation). Take E = E' = E . Then 
p(u) *p(l - u) = zn CH (£ x £ ) /or allueC\ {0, 1}. 

Proof. Let X be a quasi-projective surface over a field k. By 0, there is 
an isomorphism <p : # 2 (X, /C 2 ) -► CH (X). The product 0^ <g> 0^ -»• 
/C2 gives the cup product 

H\X, 0* x ) g) ^(X, O^) ^ /7 2 (X, /C 2 ). 
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In addition, let D, D' be Cartier divisors which intersect properly on 
X, and suppose that supp D D supp D' fl X sing = 0. Then 

(2.2) <f>(O x (D)UO x (D')) = [D-D'}, 

where • is the intersection product and [— ] denotes the class in CLV 
Since L$* = Eo {p{u) - 0), (pj) implies 

so it suffices to show that p\L^_ U p 2 Ef^ u = in H 2 (E x E , K 2 ). 

Write X for E x E . Let K, 2 be the image of /C 2 in the constant 
sheaf K 2 (C(X)). By Gersten's conjecture, the surjection n : /C 2 — > K 2 
is an isomorphism at each regular point of X, hence ir induces an 
isomorphism on H 2 . 

Let q : P 1 — > £7o be the normalization, giving the normalization 
q x g : P 1 x P 1 — > X. Let i : * — > Eq be the inclusion of the singular 
point. We have the exact sequence of sheaves on E 

(2.3) g*/Ci -^*#i(C) -> 
and the exact sequence of sheaves on X: 

(2.4) (q x q)X2 -^ (i x g)*/C 2 © (g x z)*/C 2 -»(ix i)*K 2 (C) -> 0, 

with augmentations ei : /Ci — >• (|2 . 3|) , e 2 : JCi — > ( |2.4j ). The various cup 
products in i^-theory give the map of complexes 

(2.5) pt(PD®^e->(iD 

over the cup product 

(2.6) pJ/Ci <g> p^/Ci -► £ 2 . 

The augmentation ei : /Ci — ► ker /3 is an isomorphism. The augmen- 
tation e 2 : X^ 2 — > ker a is an injection, and the cokernel is supported on 
* x *, so e 2 : ¥l 2 — > ker a induces an isomorphism on if 2 . Thus, the 
complexes (|2.3|) and ( |2.4|) give rise to maps 

<5 2 : tf 2 (C) -► # 2 (X,kera) = # 2 (X,/C 2 ) = # 2 (X,/C 2 ) 

6 1 :C = K 1 (C)^H 1 (E ,Ki). 

The compatibility of ( |2.5|) with (|2.6|) yields the commutativity of the 
diagram 

C* <g> C* > K 2 (C) 

tf 1 ^, /co ® if 1 ^, /Ci) ^ # 2 (X, /C 2 ). 



6 HELENE ESNAULT AND MARC LEVINE 

Since Lf s = Si(v) for each u G C*, we have 

plL^Up* 2 LfZ u = 6 2 ({u,l-u}) = 0. 

D 

The main point of this section is that the Steinberg relation is not 
satisfied in CB. (E x E') except in the case E = E' = E . We first 
require the following lemma: 

Lemma 2.2. Let s : C \ {0, 1} — > E x E' be the analytic map s(u) = 
(p(u),p'(l — u)). Then s(C \ {0, 1}) is not contained in any algebraic 
curve on E x E' , except in case E = E' = Eq. 

Proof. We first consider the case in which both E and E' are smooth 
elliptic curves, E = E t , E' = E t >, where t and t' are in C* and \t\ < 1, 
\t'\ < 1. We have the maps 



p : C* -»• E, p' : C* -> E' 



which are group homomorphisms with kerp = t z , kerp' = t' z . 

Suppose that s(C*) is contained in an algebraic curve D C E x E' '. 
For each x G E, (x x E') fl D is a finite set (possibly empty), hence, for 
each u G C\{0, 1}, the set of points of C* x C* of the form (t n u, l — t n u) 
has finite image in E x E' . Thus, for each u, there are integers n, m 
and p, depending on u, such that n ^ m and 

(2.7) l-t m u = t' p {l-t n u). 

Since there are uncountably many u, there is a single choice of n, m 
and p for which ( |2.7| ) holds for uncountably many u. But then 

(2.8) (t' p t n - t m )u = 1 - t' p . 

If t' p t n — t m = 0, then \t'\ = 1, contradicting the condition |t'| < 1. If 
t' p t n — t m 7^ 0, then we can solve ( |2T%| ) for u, so ( ^.7| ) only holds for this 
single m, a contradiction. 

If say £" = i?o, then p' : C* -^ £" is injective, and we have the 
infinite set of points p'(l — t n u) in the image of s, all lying over the 
single point p(u). □ 



Theorem 2.3. Let E = E t , E' = E t > , with at least one of E, E' 
non-singular. Then, for all u outside a countable subset of C\ {0, 1}, 
p(u) * p'(l — u) is not a torsion element in E 2 CHq(E x E'). 
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Proof. We first give the proof in case E and E' are both non-singular. 
For a quasi-projective C-scheme X, we let S n X denote the nth sym- 
metric power of X. For X smooth, we have the map 

Pn : S n X{C) x S n X{C) -► CH (X) 

n n n n 

i=l j=l i=l j=l 

For each integer n > 1, we have the morphism 

<j) n :ExE'^ S 2n (E x £') x S 2n (£ x £') 

(x, y) h-> (n(x, y) + n(0, 0), ra(x, 0) + n(0, j/)), 



By [12], Theorem 1], (p 2n o n ) _1 (O) is a countable union of Zariski 
closed subsets of E x E' . 

On the other hand, since p g (E x £") = 1, the Albanese kernel 
E 2 CR (E x E') is "infinite dimensional" @; in particular, F 2 CH (E x 
E')q 7^ 0. Since F 2 CH (-E x E') is generated by cycles of the form 
p(u) *p(v), it follows that (p 2n o0 n ) _1 (O) is a countable union of proper 
closed subsets of E X £". If -D is a proper algebraic subset of E X £", 



then, by Lemma p?2| , s 1 (D) is a proper analytic subset of C \ {0, 1}, 



hence s _1 (D) is countable. Thus, the set of u G C \ {0, 1} such that 
p(u) * p'(l — u) is torsion is countable, which completes the proof in 
case both E and E' are non-singular. 

If say E' = E , we use essentially the same proof. We let X be 
the open subscheme E x (E \ {*}) of E x E . We have the map 
p n : S n X(C) x S n X(C) -> CH ( J B x E ) defined as above. By |, 
Theorem 4.3], (p 2 n ° 0n)~ 1 (O) is a countable union of closed subsets Di 
of X. By |14|1 , we have the similar infinite dimensionality result for 
CHo(E x Eq) as in the smooth case, from which it follows that each Di 
is a proper closed subset of X. Thus, the closure of each Di in E x Eq 
is a proper algebraic subset of E x _E . The same argument as in the 
smooth case finishes the proof. □ 

3. Indetectability 

The zero-cycle p(u) *p(l — u) is indetectable by cohomology theories 
built on the sheaf 0% vPV . We first consider the following abstract 
situation. 

Let r (2) be the complex: 

Z[C\{0,1}] ->c*®c* 

with C* (8) C* in degree two. 
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Let X = E x E', and let r(2) an be a complex of sheaves on X an with 
the following properties: 

(3.1) 

1. There is a group homomorphism cl : CH (X) — >■ H 4 (X an , r(2) an ). 

2. There is a map in the derived category of sheaves D b (Sh Xsin ), 
p:0* Xan ®0* x J-2]^T(2) an . 

3. The composition 

c* ® e[-2] - e^ ® c^j-2] - r(2) an 

extends to a map in Z) 6 (Shx an ), r (2) — > r(2) an . 

4. The composition 



Pic(X) ® Pic(X) =* i? 1 ^, 0£J ® H\X an , O x J 

^ H 2 (x an , o* Xan ® O^) AH 4 (X an , r(2) an ) 
agrees with the composition 

Pic(X) ® Pic(X) ^ CH (X) ^ H 4 (X an , r(2) an ). 

Theorem 3.1. Let E = E t and E' = Ef, and let r(2) an be a complex 
of sheaves on E an x E' an satisfying the conditions ( |3.1| ) . Then cl(p(u) * 
p(l - u )) = /or oM u G C \ {0, 1}. 

Proof. We give the proof in case both £7 and £7' are non-singular; the 
singular case is similar, but easier, and is left to the reader. 
Since 

p(u) *p(l -u) = [p lCl (L^)] n [^(LffJ], 

it follows from ( TO (4) that we need to show that p([Z^ n ] U [Z£lJ) = 0. 
The class [L^ 1 ] € H\E an ,0* E J is the image of [L u ] e H^E^C*) 
under the map of sheaves C* — ► 0* E , and similarly for Li_ u and 
Lf\. Thus, by (|U])( 3 )' [t suffices to see that p\[L u ] U p* 2 [L^ u ] e 
H 2 {E x E', C* ® C) vanishes in H 4 (£ x £', r (2)). 

The Z-covers p : C* — > E = E t , p' : C* — ► E' = E t > give natural 
maps 

a : H*{Z, H°{C*, C*)) -► iP^, C), 

/? : H*{Z,H°{C*,C*)) -> H*{E' an ,C*)- 

Similarly, the Z 2 -cover p x p' : C* x C* ^ E x E' gives the natural map 

7 : e*(z 2 , #°(c* x c*, r (2))) -► e*(£ an x £ an , r (2)). 
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Letting i : C* £g> C* —* T (2) denote the natural inclusion, the maps 
above are compatible with the respective cup products: 

l o (a(a) U (3(b)) = 7 o l(cl U b). 

Each v G C* gives the corresponding homomorphism v : Z — > C*, 
v(ra) = w n . Since [L u ] G H\E an ,C*) is a(u : Z -> C*) and [Li_ u ] G 
H l (E' an ,C*) is /9(1 - « : Z -> C*), it suffices to show that t(pjtj U 
p*(l-«)) = in H 4 (Z 2 ,r (2)), where pju,p*(l-u) : Z 2 -> C* are the 
respective homomorphisms (a, 6) 1— ► w a , and (a, £>) 1 — > (1 — u) h . 

We have the spectral sequence 

E™ = H P (Z 2 , H q (T (2))) =► IF +9 (Z 2 , r (2)). 

Since Z 2 has cohomo logical dimension two, and since H q (T (2)) = for 
q ^ 1, 2, it follows that the natural map H 4 (Z 2 , r (2)) -> # 2 (Z 2 , # 2 (r (2))) 
is an isomorphism. Since H 2 (T (2)) = /^(C), we need to show that 
the image of p\u \Jp* 2 (l- u) in H 2 (Z 2 ,K 2 (C)) is zero. 

By definition of the cup product in group cohomology, we have 

\p\u Up^l — U )](( a ; b), (c, d)) = p{u(a, b) ®p* 2 (l — u)(c— a,d — b) 

= u a ®(l- u) d -\ 

which clearly vanishes in /(^(C). 

D 



Example 3.2. In 0, S. Bloch defines a quotient complex B(2) of the 

analytic complex 0* Xm {l) ^^ C Xan ® 0* Xgn fulfilling W(B(2)) = 
for i^l,2, 

H\B(2)) = Im(r : K 3>ind {C) - C/Z(2)) =: A*(l), 

where r is the regulator map, and 7i 2 (B(2)) = K.2,axi- He shows in 
the same article that r(K 3tind )(C)) = r(K 3tind )(Q)), thus A*(l) is a 
countable subgroup of C/Z(2), and also that 13(2) maps to the com- 
plex Z(2) — > Cx an — ► &x which computes the Deligne cohomology 
H£,(X, 2) when X is projective smooth over C In fact, the cycle map 
CH 2 (X) -»• H^(X,2) is shown to factor through H^(X an ,B(2)) (§). 
S. Bloch (§) asked whether the cycle map CH 2 (X) -> H^(X an ,B(2)) 
could possibly be injective. The computations of this article show that 
it is not. Indeed, by Lemma (1.3) of ||, the complex r (2) maps to 
the complex 

e(Z[C\{0,l}])^C®C*, 
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where e is defined via the dilogarithm function 

/— i r dt 

e(a) = [log(l -a)®a] + [2m ® exp ( — - / log(l - t) — 

\2m J t 

and the latter complex maps to 

B(2) x : 0^(1) ^> Xan ® O x J(e(Z[C \ {0, 1}]) 

for X = SpecC. Let us take r(2) an = 13(2). We now verify the 
conditions P7T| . The condition 1 is given by |J. Indeed, one computes 
the Leray spectral sequence associated to a : X an — > X Zar and the first 
term entering H 4 (B(2)) is 



E 2 ' 2 = HijR^B(2)) = H\K 



2,1) 



where /C 2 ,z := Ker(a*/C 2ian > H 2 (C/Z,(2)) ). Then the cycle 

map cl is induced by JC 2 —> /C 2 ,z on X Zar , which is obviously compatible 
with the product in Pic. Thus we have 4. We have already discussed 2 



and 3. Hence we can apply Theorem [2.3| to take a 0-cycle p(u) *p(l — u) 
on E x E' where both E and E' are smooth elliptic curves which does 
not die in the Chow group CB.q(E x E'), whereas it dies by Theorem 

3A]inH 4 (i3(2)). 



In 0, S. Lichtenbaum constructs an etale version T(2) of S. Bloch's 
analytic complex 13(2), the cohomology of which contains CH 2 (X). 
This contrasts with the examples discussed above. 

Over a p— adic field, W. Raskind and M. SpieB (JO]) show that the 



Albanese kernel modulo n of a product of two Tate elliptic curves is 
dominated by K 2 (k)/n. This result is not immediately comparable to 
ours, but is obviously related. 

4. The Relative Situation 

In this section, we study the cycles constructed in section 2 on X = 
E x Eq, where as there, E is smooth, and Eq is a nodal curve. Let 
i/ = lx(jc£'xP 1 ->Xbe the normalization. We define 



(4. 1) 1C 2 = Ker (yJC* |gx " ' gx °°> K 2 \ 

Lemma 4.1. One has 

CK 2 (X) = H 2 (X,JC 2 ), 
and the Chow group CH (X) fits into an exact sequence 

-> H l (E, K 2 ) 1+ CHo(X) X CH (£ x P 1 ) = Pic(E) <g> Pic(P 1 ) -> 0. 
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Moreover, the map 7 is defined by 

7( ^2 x ® A *) = 5Z ( x 'Po(A a .)) - 0, 0). 

x&EW x£EW 

Proof. The map v* : /C2 — » /Q2 is obviously surjective, and by the 
Gersten resolution on the smooth points of X, the kernel is supported 
in co dimension 1. Thus v* induces an isomorphism on H 2 . 
On the other hand, 

H\E x P 1 , K 2 ) = H\E, /C 2 ) © H°(E, K x ) U ci(0(l)). 

The term H 1 (E, JC 2 ) maps to G H 1 (E : K, 2 ) via the difference of the 
restrictions to^xO and -E x 00, while ci(0(l)) restricts to to either 
E x or E x 00. This shows the long exact sequence associated to the 
short one defining JC 2 . 

Finally, the value 7(3; <E> X x ) of the map is given by the boundary 
morphism C* — > H l (X, 0* x ) induced by the normalization sequence 

o -► o^ -► q *o;i ^> c* -► 



on the right argument X x . The formula for 7 thus follows from Lemma [T7T . 

D 

Let Nm : H X {E, )C 2 ) — > C* be the norm map defined by 

(4.2) Nm( Y, x®K) = H X x . 

x£EW x&EW 

We set 

(4.3) V(E) = KerNm. 
One has 

Lemma 4.2. F 2 CH (X) = -f(v(E)\ 

Proof. By the definition given in §[| F 2 CHo(X) is generated by the 
expressions [(x, y)] — [(x, 0)] — [(0, y)] + [(0, 0)], with x G E(C) and y G 
E (C) \ {*}. By the formula for 7 given in Lemma ^4], this expression 
is 7(x®y — 0<S>y), after identifying y G C* with po(y) G E'o(C). Clearly 
V(E) is generated by the elements of H 1 ^, JC 2 ) of the form x®y—0®y, 
whence the lemma. □ 

Next we want to map CH (X) to a relative version of S. Bloch's 
analytic motivic cohomology. So we define 

(4.4) 8(2) = Ker(v*B(2) |gx °~ lExoc > B(2)\ E ) 



12 HELENE ESNAULT AND MARC LEVINE 

In particular, B(2) is an extension of 

P" IS I K - ExO^lfixoc k i 

A-2,an = iverl V*yL 2 ,an ► A-2,an|£: 

placed in degree 2, by A*(l), placed in degree 1. In other words, £>(2) is 
the pull-back of B(2) via the map v* : /C 2 , an — ► ^2, an, and in particular, 
it receives the complex r (2) as explained in the example ft.2| . 

Considering again the Leray spectral sequence attached to the iden- 
tity a : X an — > X zar , we see that 

(4.5) £ 2 , z := Ker(a*/C 2 , an -► ft 2 (C/Z(2))) 

receives /C 2 and that the first map of the spectral sequence is then 

(4.6) # 2 (X,£ 2 , z )^H 4 (X an ,£(2)). 
In conclusion, we have shown 

Lemma 4.3. One has a cycle map 

^x:CH (X)^H 4 (X an ,£(2)) 
compatible with the cycle map 

7/> BxP i : CH (£ x P 1 ) -► H 4 ((£ x P 1 ) an ,i3(2)) 
on the normalization. Moreover, ipx fulfills the conditions described in 



Proof. We just have to verify the condition 4 of |3.1| . From the normal- 
ization sequence 

-► o* x -► i/*o^ xP i |gx "~ |gxoo > e>^ -► 0, 



one has a natural map 



<?X an ® <?AT an ^ ^,an 



which obviously fulfills 3.1 4. □ 



Now we can apply Theorem [TT] to conclude 

Theorem 4.4. The 0-cycles defined by the Steinberg curve on E x E 
die in the analytic motivic cohomologyW A (X an) B(2)). 

Let K be a subfield of C We next consider for any algebraic variety 
Z defined over K, the cycle map with values in the absolute Hodge 
cohomology 

(4.7) H m (Z,IC 2 ) dlogAdlog , ff™(Z,n 2 ^ 
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induced by the absolute d log map 

dlog 



(4.8) o* z ^> n\ 



This cycle map is obviously compatible with the map 7, and with 
extension of scalars. 

Let E — * Spec K be an elliptic curve over a subfield K of C. We 
have the exact sheaf sequence 

(.) — > Cr <8> ' luim — ► "e/o — ► ^E/K — > U, 



which induces a two-term filtration F*f2^, of £1%,^ with F 2 f2 2 
0£ ® ^fc/o- This gives us the natural maps 

71 : H*{E, O e ) <g> Q^/q -> #*(£, fii 
T2 :H*(E,0 E )®n 2 Km ^H*(E,tf E 



We have the norm map Nm : H 1 ^, /C 2 ) — > H°(K,JCi) = if* as in 
I, but over if; we let V(-E) C H l (E,JC 2 ) be the kernel of Nm (see 

3))- 



Lemma 4.5. Lei if fee an algebraically closed subfield of C, E — > 
Specif an elliptic curve over if. Then the cycle map with values in ab- 
solute Hodge cohomology maps V(X) to the subgroup ^[^(EjOe) <%> 
fi| /0 ] ofH\E^\ ' 



Proof. The kernel of the composition 

Pic(E) = H'iEXi) "^ ff 1 ^,^) - if 1 ^,^) - if 
is the composition 

Pic(E) -^ Z C if, 
hence the dlog map sends Pic°(£') to the subgroup 7i[ii" 1 (i?, Oe) ® 

Take r e Pic°(£), u G H°(E,ICi) = K\ and let f = r U u e 
H l {E,K 2 ). Then 

dlog(0=dlog(r)Udlog(«). 

Since aTog : if* — > fi^/Q is just the absolute dlog map, we see that 
d log(£) lands in the image of the cup product map 

[H\E, O e ) ® ^ /Q ] ® n x K/Q -* H\E, fi| /Q ), 

which is J2{H\E, O e ) ® fi^ /Q ). 

Since if is algebraically closed, the cup product Pic(-E') ® if* — > 
H 1 ^, /C 2 ) is surjective, from which one sees that the cup product maps 
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Pic°(E) ®K* onto V(E). Combining this with the computation above 
completes the proof. □ 

From the surjectivity of the cup product Pic (E) K* — > V(E) for 
K algebraically closed, we see that the injection H X (E, K.q) — > CH (X) 
sends V(E) isomorphically onto F 2 CB. (X). 

Let K be a subfield of C. We say that an element £ of CHo(X) is de- 
fined over K if there is an i^-scheme X°, an element £° of CH (X°) and 
an isomorphism a : X^. — > X such that £ = «*(££). From Lemma |475 
and the compatibility of d log with extension of scalars, we have 

Lemma 4.6. Take K = C, and let C, be an element of F 2 CHq(X) = 
V(E). If £ is defined over afield of transcendence degree one over Q, 
then £ vanishes under the cycle map to absolute Hodge cohomology. 

Corollary 4.7. If E is an elliptic curve with complex multiplication, 
then there are non-torsion cycles £ G F 2 CHo(X) dying in the analytic 
motivic cohomology as well as in absolute Hodge cohomology. 

Proof. By the remark above, we may replace F 2 CHo(X) with V(E). 
Let E be a model for E, with equation y 2 = 4x 3 — ax — b defined over 



a number field K C C Let to = — be the standard global one-form on 

y t> 



Choosing an isomorphism Ec — Ec defines the period lattice I u cC 
for to. Choose a basis for L w of the form {Q, tQ}, and let t = e 2mT . Let 

V : C -» CP 1 

be the Weierstrafi P- function for the lattice L w . 

The map xQ^ 1 : C — > C gives rise to the isomorphism of Riemann 
surfaces a an : E^ — > E^ n making the diagram 



(T,V) 



cxp 



c* 



rap > Ef n 

commute, i.e., 

P(«) = «an(^( — logM),P'(— logM)). 

We let 

a : -Ec - » -St 
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be the corresponding isomorphism of algebraic elliptic curves over C. 

By I], theoreme 1, V(^logu) has transcendence degree 1 over Q 
for all u G N, u > 2. (We thank Y. Andre for giving us this reference). 
Fix a u > 2, let K be the algebraic closure of the field Q(P(^rlog«)), 
and let x G E(K) be the point {V{^-\ogu),V'{^-\ogu)). Then x is a 
generic point of E over Q. 

We take 

£ := p(u) * p(l — u). 

By construction, £ = a(£# Xjj-C), where £^ G H 1 ^, /C2) is the element 
[(x) - (0)] U [1 - it]. Here j(x) - (0)] denotes the class in Pic(E) = 
^(EjJCi), and [1 — u] denotes the class in H°(E,JCi) = K*. Since 
K has transcendence degree one over Q, the class of £ in the absolute 
Hodge cohomology of E vanishes, by Lemma [4.6| . By Theorem [4.4| , £ 
dies in the analytic motivic cohomology of E as well. It remains to 
show that £ is a non-torsion element of H 1 (Ek, /C2). 

We give an analytic proof of this using the regulator map with values 
in Deligne-Beilinson cohomology. 

Let Y be a smooth projective surface over C, and let NS(V) denote 
the Neron-Severi group of divisors modulo homological equivalence. 
Then Hodge theory implies that 

NS(F) = {(*, tp) G (H 2 (Y an , Z(l)) x F l H\Y &Ii , C)),z ® C = <^}, 

and that 

NS(y) n F 2 H 2 DR (Y) = 0. 

We note that the map Pic(F) ®C* -> ff£(y, Z(2)) induced by the cup 
product in Deligne cohomology factors through NS(y) <8> C*, and that 
the induced map 1 : NS{Y) <g> C* -> H$,(Y, Z(2)) is injective. Indeed, 

H^Y, Z(2)) = iJ 2 (y an , C/Z(2))/F 2 . 

Now take Y = E x E, and let £/ C -E be the complement of a non- 
empty finite set S of points of E. Let [E? x 0] be the class of E x in 

NS(y), and let 7 : C* -> NS(Y) ® C* be the map 7(0) = [£x0]®d. 
Let 

to : NS(y) ® C* -»• Hl(E x [/, Z(2)) 

be the composition of 1 with the restriction map H%,(Y, Z(2)) — ► H^(Ex 
U, Z(2)). We claim that the sequence 

C* -^ NS(y) (8) C* -%• #£(£ x [/, Z(2)) 
is exact. Indeed, we have the localization sequence 

® s& H l v {E X 8, Z(l)) ^> fl^ ( y } Z(2)) ^ #3 (£ x ^ z(2)) _^ 
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the isomorphism H^(E x s, Z(l)) = C* and the identity 

l s (v) = j(v), v G C, 

which proves our claim. 

In particular, let [H] = [A — {0} x E] eg) v, where A is the diagonal, v 
is an element of C* which is not a root of unity, and [A — {0} x E] is the 
class in NS(Y). Since [A - {0} x E] is not torsion in NS(Y)/[E x {0}], 
we see that [E] has non-torsion image [Kc(e)] in 

Hl{E x c C(E), Z(2)) := lim H%(E x U, Z(2)), 

<D^UCE 

where the limit is over non-empty Zariski open subsets U of E. 

Let E be the image of (A - x E) <g> v in H l (Y,JC 2 )- Then [S] is 
the image of E under the regulator map H 1 (Y, /C 2 ) — ► i?|)(Y, Z(2)). 
Similarly, letting Sc(£) be the pull-back of S to £ x c C(E'), [Sc(e)] 
is the image of Sc(b) under the regulator map H X [E x c C(£ l ), /C2) — ► 
ifp(£'xcC(£'),Z(2)). Thus, Ec(.e) is a non-torsion element ofH 1 (Ex<c 
C(E), /C 2 ) for each non-torsion element i> G C*. 

Let A be the diagonal in lx E 1 , let £ be the image of (A— 0xE)®(l — 
u) in if x (E, /C 2 ) , and let £q(#) be the image of £ in ii 1 (£ x q Q(E) , /C 2 ) • 
Clearly, after choosing a complex embedding QcC, £c(.e) (f° r f = 1 — 
■u) is the image of £q(e) under the extension of scalars Q(E) — ► C(E') = 
C(-E), hence Cq(e) is a non-torsion element of H 1 ^ Xq Q(-E), /C 2 ). 

Since a; is a geometric generic point of .E over Q, there is an em- 
bedding a : Q(E) — > C such that x : SpecC — > E is the compo- 
sition SpecC — ► SpecQ(-E) — ► E. Thus, £ is the image of £ under 
(id x x)* : if 1 (-E Xq E,K, 2 ) — ► i/ 1 (-E,/C 2 ), and hence £ is the image 
of £q( £ ) under the map id x cr* : i? 1 (£ Xq Q(E),K 2 ) —> H 1 {E^K 2 ) 
induced by the extension of scalars a. 

Since the kernel of id x a* is torsion, it follows that £ is a non-torsion 
element of H X (E, K, 2 ), as desired. □ 

Remark 4.8. Going back to X = E x £", where both elliptic curves are 
smooth, we are lacking the transcendence theorem which would force 
the existence of a cycle ^ ( = p(u) * p(l — u) G F 2 CH (X) dying 
both in H 4 (X, B(2)) and in absolute Hodge cohomology. 
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